Using the recently developed method we calculate the crystal field parameters in yttrium and lutetium aluminum garnets doped with seven trivalent Kramers rare-earth ions. We then insert calculated parameters into the atomic-like Hamiltonian taking into account the electron-electron, spin-orbit and Zeeman interactions and determine the multiplet splitting by the crystal field as well as magneticĝ tensors. We compare calculated results with available experimental data.
I. INTRODUCTION
To explain certain optical and magnetic properties of rare-earth (R) materials, determination of crystal field parameters (CFP) is essential. When sufficient experimental data are available CFP are usually determined by the least squares fit. Since the number of nonzero CFP depends on the site symmetry and may be as high as 27, such method often ends up being ambiguous. As a result, there has been a continuous effort to estimate CFP theoretically (for the review of various methods, see
Ref.
1,2 ).
Recently, a novel theoretical approach to calculate CFP has been proposed 3 . An original motivation of the work was to explain the magnetic properties of rare-earth cobaltites RCoO 3 where available experimental data do not suffice to estimate CFP. The method starts with the density functional theory (DFT) based band structure calculation, followed by a transformation of the Bloch to Wannier basis. The local Hamiltonian is then expanded in terms of the spherical tensor operators.
Resulting CFP are inserted in an atomic-like Hamiltonian involving the crystal field, 4f −4f correlation, spin-orbit coupling and Zeeman interaction. The method does not suffer from the 4f electron self-interaction (the difficult problem of DFT ab initio methods). The hybridization of the 4f states with other valence orbitals is taken into account via hybridization parameter ∆, a single parameter of the method. In the recent paper 6 a relatively simple way allowing to estimate this parameter was suggested and applied to the R:LaF 3 system.
The method has been extensively tested for rare-earth doped aluminates YAlO 3 :R 3+ with orthorhombic perovskite structure 3 . Remarkable agreement of calculated and experimental data was achieved. Application to gallates RGaO 3 and cobaltites RCoO 3 4 as well as manganites RMnO 3 5 followed. Even in these cases calculations provide a fair agreement with available experimental data.
Rare-earth doped aluminum garnets are widely used as laser materials and scintillators due to which extensive experimental data are available. In recent years magneto-optical properties of some In this work we apply the new CFP method to rare-earth doped aluminum garnets. After reviewing the theory and computational procedure, the next section is devoted to analysis of the problem of determination of the parameter ∆ in more detail compared to Ref. 6 . In the following section we calculate crystals field parameters. We show examples of multiplet splitting by the crystal field. We focus on Kramers ions and calculation of their magnetic g factors, yet more crystal-field sensitive quantities, and compare them with experimental data.
II. THEORETICAL APPROACH AND COMPUTATIONAL DETAILS
The effective Hamiltonian describing 4f states can be written aŝ 
is a spherical tensor operator of rank k acting on the 4f electrons of the R ion, for which k max is equal to six. The coefficients B 
III. HYBRIDIZATION PARAMETER
The parameter ∆ appears due to hybridization between the rare-earth 4f states and the valence states of its ligands. Our treatment of hybridization is briefly described in Ref. In the same paper ∆ was estimated using a charge transfer energy
where E tot (4f n , N val ) is the total energy of the ground state of the system (n 4f electrons in 4f shell of R ion and N val electrons in the valence band), while E tot (4f (n+1) , N val − 1) corresponds to the excited state in which one of the valence electrons was transferred in the 4f electron shell. The hybridization parameter thus can be calculated by performing two calculations with 4f electrons treated as the core states -the first one with 4f n , N val , the second with 4f (n+1) , N val − 1 electron configurations.
Using the above equation we calculated ∆ for the R in question in both YAG and LuAG. The results are together with the data for R:LaF 3 and orthorhombic perovskites RMnO 3 shown in Fig. 1.
There are several problems connected with the above method. The first one is connected with the multiplet splitting of the 4f levels, which is not provided by the DFT calculation. In principle this splitting may be obtained by the atomic-like program, we are using. However, there is a problem of 
Dashed and dash-and-dotted lines correspond to the ∆ values, which were adopted for calculations in
RMnO 3 and R:LaF 3 , respectively 5, 6 .
double counting of the electron-electron correlation, which would be difficult to overcome. We can only estimate that corresponding uncertainty of ∆ is on the order of the crystal field splitting i.e.
less than ∼ 0.1 eV and it will change with R. Such scatter will become relatively more important in R:YAG and R:LuAG compared to R:LaF 3 and RMnO 3 , because ∆ calculated from (3) is smaller in garnets (Fig. 1) .
The second problem is inherent to the open core calculations. Even though the 4f electrons are well localized, small part of their density leaks out of the R atomic sphere. Understandably, this leakage is bigger for the 4f (n+1) electron configuration. For R:LuAG we calculated ∆ for three values of the atomic sphere radius R M T . The result is shown in Fig. 2 .
Finally, note that eq. (3) is based on the first order perturbation theory 3 , thus higher order correction is needed if the hybridization is important. crystal field parametrization. The coordinate system to which our CFP andĝ tensors are referred is shown in Fig. 3 .
The magnitude of parameter ∆ entering the calculation in the second step was varied between 2.7-10.9 eV (0.2-0.8 Ry) with the step 1.36 eV (0.1 Ry). As ∆ decreases, the 4f levels get closer to the valence band, for ∆ = 2.7 eV the calculation becomes less stable for lighter R and it crashes for Er and Yb. Similarly as in orthorhombic perovskites [3] [4] [5] and LaF 3 6 for fixed ∆ the CFPs change smoothly with the number of 4f electrons. In Fig. 4 this is documented for ∆=5.4 eV and YAG.
As a function of the hybridization parameter, CFP also change smoothly. An example for Sm:YAG is displayed in (Fig. 5) . The CFP for both YAG and LuAG and all seven R are collected in Table   IV A. They were calculated taking ∆=5.4 eV, which is the lowest value for which the calculation runs smoothly for all R. (Fig. 8) . The results for ∆ = 5.4, 6.8 and 8.2 eV are compared with the experiment. calc., ∆ = 5.4 eV exp. 4 1.237 g c LuAG;
3.834 g a YAG;
1.743 g b YAG;
1.16 g c YAG;
3.908 ~ 2 g c LuAG;
~ 2 g a YAG;
1.99 g b YAG;
1.99 g c YAG;
1.99 0.8512 g c LuAG;
18 As seen in Fig. 1 , the hybridization parameter ∆ for R impurities in YAG and LuAG comes out smaller than in manganites and LaF 3 . This represents a serious obstacle when trying to get the best CFP, as for ∆ smaller than ≃ 4 eV the calculation does not always yield reliable results. We traced the problem to the wannier90 package. Calculation with wannier90 provides the maximally localized Wannier functions, but it does not guarantee that they will be centered on the crystal site of the R impurity. Indeed, for ∆ ≃ 4 eV the functions are displaced for heavier R and for still smaller ∆ the displacement appears for all R. As a consequence the symmetry is lost, all CFP are nonzero and for q = 0 they are complex. A possible remedy may be to use recently proposed scheme by Sakuma 24 (symmetry adapted Wannier functions) or simpler, but less sophisticated method of selectively localized Wannier functions 25 .
Despite the problem with ∆ the agreement between calculated and experimental multiplet splitting is very good as shown in Fig. 6 . We found similar agreement also for other garnet systems.
The CFP of the R impurities in garnets were, in the past, determined several times using either semiempirical methods or the least squares fit to the optical data. Prominent group that adopted this approach is that of Gruber, which obtained rich optical data and carefully analyzed them using the least squares fit. In Table V 
s k are invariant with respect to the rotation of the coordinate system, and as seen in Table V there is a fair agreement between s k calculated by us and those deduced from B 
while
Focusing first on sets of B (k) q for Sm:YAG in Table V , it is seen that the signs of B (k) q agree for q = 0, 4. The signs for q = 2, 6 are opposite, but because of relation (6), changing their signs leads to identical energy levels. Note, however, that in external magnetic field the energies will be different, as the sites R 1 , R 2 will no longer be equivalent. The situation for Nd:YAG and Er:YAG is different as in these cases also the signs for q = 0, 4 differ. For R:YAlO 3 , R:LaF 3 systems we found that CFP are continuous along the R series and this applies also to R:YAG, LuAG (cf. Fig. 4 ). There is thus a strong indication that for Nd:YAG and Er:YAG the least squares procedure converged to a local minimum, which does not correspond to the physical reality.
We now turn to the magnetism, which is more susceptible to the values of CFP compared to the energies in the zero magnetic field. Despite this sensitivity and the above mentioned problem with small ∆, the calculatedĝ tensors qualitatively reflect the experimental data. In particular the order of magnitude and the sequence of the values of g a , g b , g c are correct.
VI. CONCLUSIONS
The crystal field parameters and theĝ tensors of the ground state were calculated for all seven rare-earth Kramers ions substituted for Y (Lu) in YAG (LuAG). Very good agreement with the spectroscopic data and qualitative agreement with experimentalĝ tensors was found. The comparison of calculated CFP with their counterparts obtained by the least squares fitting of the optical data shows that theory can help to avoid the ambiguity inherent to the least squares method.
